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Abstrak. Menunggu cukup lama untuk mendapatkan pelayanan menjadi suatu hal yang umum 
dalam pelayanan rumah sakit. Semakin banyak pasien yang menunggu, semakin banyak pasien yang 
pelayanannya tertunda, sehingga waktu menunggu semakin lama. Dalam proses pelayanan 
kesehatan suatu rumah sakit, seorang pasien akan mengantri beberapa kali di lebih dari satu antrian 
dalam instalasi rawat jalan rumah sakit. Penelitian ini menggunakan studi kasus pada sistem antrian 
instalasi rawat jalan Rumah Sakit, yang bertujuan untuk untuk meminimalisir waktu tunggu dan 
panjang antrian tiap workstation dengan menerapkan model jaringan antrian Jackson terbuka. 
Workstation yang diteliti adalah workstation registrasi, prekonsultasi dan konsultasi poli jantung 
hingga farmasi. Pengumpulan data dilakukan selama 6 hari menghitung jumlah kedatangan dan 
keberangkatan setiap titik dengan interval 5 menit. Dengan menerapkan model jaringan antrian 
Jackson terbuka, diperoleh rekomendasi kepada pihak rumah sakit untuk menambah pegawai di titik 
registrasi menjadi sebanyak 4 loket, titik prekonsultasi poli jantung menjadi sebanyak 3 perawat dan 
4 dokter sedangkan untuk farmasi menjadi sebanyak 7 pegawai. Dengan penambahan personel 
tersebut, total waktu tunggu pasien dalam system antrian menjadi kurang lebih 12 menit/pasien. 
Sehingga model antrian ini akan mengurangi waktu tunggu dalam system antrian yang semula rata-
rata 108 menit/pasien. 
 
Kata kunci: Antrian; Jaringan antrian Jackson terbuka; Workstation 
 
Abstract. Waiting for service is a common thing in-hospital services. The more patients are waiting, 
the service delay increases, so waiting time in the queue gets longer. In health care in a hospital, a 
patient will queue several times in more than one queue in a hospital outpatient installation. The 
case study in this research is the queue system in the hospital's outpatient treatment, implementing 
an open Jackson queueing network to minimize waiting time. The workstations examined in this 
study were the registration, pre-consultation, and cardiology poly consultation, and pharmacy. The 
data is carried out for six days, counting the number of arrivals and departures with each point at 
intervals of 5 minutes. Applying the Jackson open queue network model, a recommendation was 
obtained for the hospital to increase employees' numbers. The registration workstation must have 
four servers; a poly cardiology workstation had three nurses and four doctors, while for pharmacy, 
had seven employees. With this personnel's addition, patients' total waiting time in the queuing 
system is approximately 12 minutes/patient. So, it can reduce waiting times in the queueing system 
that was initially 108 minutes/patient. 
 





Jurnal Matematika MANTIK 
Vol. 6, No. 2, October 2020, pp. 83-92  
 
ISSN: 2527-3159 (print) 2527-3167 (online) 
Jurnal Matematika MANTIK 




Cardiovascular is a type of disease related to the heart and blood vessels. Based on 
WHO data from all deaths globally, 17.9 million people died due to cardiovascular disease, 
with 85% of these deaths caused by heart attacks [1]. More deaths are caused by heart 
attacks, making the Ministry of Health always urges the public to do periodic health checks. 
Currently, almost all hospitals have cardiology poly, as in the Hospital Sidoarjo. 
The Hospital of Sidoarjo has many types of polyclinic in outpatient installations. 
Cardiology poly was rarely deserted every day. Too many patients make a lot of queues so 
that patients have to wait long. Long queues occur not only in cardiology poly but also at 
the point of registration and hospital pharmacy. The length of the queue can make the 
quality of hospital services less useful. 
The queuing system is a set of individuals, servers, and a rule that regulates the arrival 
of individuals and services [2]. The queuing system is the process of birth-death of the 
population consisting of individuals waiting to be served and being served [3]. There are 
three components in the queue system: population arrival, queue, and service facilities [4] 
[5]. 
One solution to overcome long queues is implementing a queuing network model that 
can estimate the actual queue situation to be analyzed. A queueing network is a group 
workstation where individuals can move from one workstation to another workstation. 
Implementing the queuing model can estimate the length of service time; therefore, 
implementing the queuing model can be identified and minimized queues [6].  
There are two types of queue networks, open and closed queue network. In the 
available queue network, individuals who enter the queue network system can come from 
inside or outside the queue system, and patients can exit the queue network system [7]. The 
outpatient installation queue system of the hospital has an open queue network 
characteristic. A patient can come from outside or in the queuing system, and patients can 
get out of the queuing network system. 
Several queueing network models, including Feedforward Queueing Network, 
Gordon-Newell Queueing Network, BCMP Queueing Network, and Jackson Queueing 
Network. Feedforward Queueing Network is the most straightforward queueing network 
where the queueing system is not branched and feedforward. Gordon-Newell Queueing 
Network is a closed queueing network with service distribution using exponential 
distribution [8]. BCMP Queueing Network is a queueing network used for open, closed, or 
mixed queueing network with service discipline can be Last Come First Serve (LCFS)  [7]. 
The Jackson queueing network is a queue where individuals can move from one 
workstation to another workstation before leaving the system. The individual arrives at the 
workstation in the form of Poisson distribution, which has queue discipline First Come 
First Serve (FCFS) and service time of a workstation in the form of exponential distribution 
[9] [10]. Patient transfer is the probability of patient movement to the next workstation after 
being served at the previous workstation with certain services [11]. The Jackson queue 
network has a continuous nature in each workstation where for each queue is independent 
so that they can analyze each workstation separately [12]. The Jackson Queueing Network 
has two types, open and closed queues. In an open queue network, individuals who enter 
the queue network system can come from inside or outside the queuing system, and patients 
can exit the queuing network system if they have finished receiving the service. Open 
queue networks have been extensively studied by Burke (1969), who reviewed three 
workstations [13]. As for the network, Jackson closed is known as the Gordon-Newell 
Queueing Network [8]. This research will apply the Open Jackson Queueing Network, as 
shown in Figure 1. 
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Figure 1. Open Jackson Queuing Network 
One of several studies related to the Open Jackson Queueing Network application is 
the research with the title “On the Application of the Open Jackson Queueing Network,” 
Which aims to minimize queue waiting times at University Covenant Hospital Center by 
adopting the open Jackson queuing network. The results of these studies provide 
recommendations for the addition of employees at each point of service facilities to reduce 
patient waiting time [9]. Besides being implemented in hospital queues, research 
implements an open Jackson queue network in the Surabaya carnival vehicle queue system 
[11]. Method Jackson Network Queueing can also be implemented to queuing systems in 
fields packing goods in a textile company, whereby implementing the Jackson queue 
network, a longer time in packaging, is 570 seconds faster [14]. 
Based on some of these studies, it can be shown that implementing the Jackson queue 
network can minimize the waiting time of individuals in a queue network. So in this study, 
by implementing an open Jackson queue network model, it is hoped will reduce waiting 
time in queueing at cardiology outpatient hospital installation. 
This study implemented an open Jackson queueing network because the hospital's 
outpatient installation queue system has an open Jackson queue network characteristic. In 
this study, the queueing network Jackson will be implemented in 4 workstations, including 
registration, pre-consultation, and consultation of cardiology poly and pharmacy. 
 
2. Methods 
2.1. Data  
 The research was conducted at an outpatient installation for BPJS patients in Sidoarjo 
Hospital, observed in 4 workstations, including registration, cardiology poly pre-
consultation, cardiology poly consultation, and pharmacy. Research time to check the 
hospital queue system and data collection was carried out for six working days. Data was 
collected from Monday, November 16th to Saturday, November 21st, 2019. 
The data was collected at an outpatient installation by observing the queuing system 
and recording patients' numbers coming and leaving at four workstations. The number of 
patients coming and leaving each workstation recorded every time with an interval of 5 
minutes, where each point observed for 4 hours from 07.00 to 11.00. Furthermore, the 
researcher interviewed one of the hospital employees about the queuing system at the 
hospital. 
 
2.2. Data Processing  
The steps of research and data processing are presented in the flow chart in Figure 2.  
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Figure 2. Flowchart of Research and Data Processing 
 
a. Hospital Queue Model Analysis 
1) Calculate the average arrival averages and departure averages 
First, calculate the average arrival rate (𝜆) and departure rate (𝜇) of each workstation 
using Equations (1) and (2). 
𝜆 =
𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑜𝑓 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙𝑠
𝑡𝑖𝑚𝑒
      (1) 
𝜇 =
𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑜𝑓 𝑑𝑒𝑝𝑎𝑟𝑡𝑢𝑟𝑒 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙𝑠
𝑡𝑖𝑚𝑒
     (2) 
2) Check the condition of the queue system 
Then proceed to check whether the queue system's condition included steady-state or 
not using Equation (3). Condition steady state (𝜌) is the state of the system that does 
not depend on the initial event and the time elapsed. Condition steady state of M/M/s 





 < s       (3) 
 
3) Calculate queuing system performance 
The queueing model in this study has the same character as the Queue model (M/M/S): 
(FCFS/∞/∞), therefore, to calculate queue system performance using Equation (4) to 
(7). 
Queue model (M/M/S): (FCFS/∞/∞) is a queueing model with services without 
capacity limit. This model has the number of employees or server (s) more than one 
so that a maximum of individuals can be served simultaneously by the server as many 
as (s). The queuing discipline in this model includes FCFS, where first-come 
individuals will be first served. In this model, the arrival rates are the number of 
individuals/units of time (λ), and the departure rate is the number of individuals/units 
of time (µ) following the Poisson distribution and service time (
1
𝜇
) following the 
exponential distribution [15]. 

















𝑃0        (5) 
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𝐿𝑠 = 𝐿𝑞 +
𝜆
µ




          (7) 
where: 
𝑃0 = probability of no individuals in the queuing system 
𝐿𝑞 = average number of individuals waiting in a queue (individuals/minutes) 
𝐿𝑠 =average number of individuals waiting in the queuing system 
(individuals/minutes)  
𝑊𝑠 = average waiting time in a queuing system 
 
b. Calculation of Open Jackson Queuing Network 
Some conditions are assumed in the Jackson queuing network; including first 
Individuals come from outside the queueing network with an arrival rate𝜆𝑖 following 
Poisson distribution and all arrivals are independent. Second, the individual service time of 
each queue following an exponential distribution. Third, every individual who has been 
served at the workstation (i) will move to the workstation to (j) with (Pij) probability. 
Finally, service discipline following FCFS (First Come First Serve) [9]. 
1) First, make a mathematical model of a linear equation using Equations (8) and (9). 
𝜆𝑗 = 𝑎𝑗 +∑ 𝜇𝑖𝑃𝑖,𝑗
𝑁
𝑖=1 , 1≤ i ≤ N     (8) 
µ𝑖 = ∑ 𝜇𝑖𝑃𝑖,𝑗
𝑁
𝑗=1 , 1≤ j ≤ N     (9) 
where, 
𝑎𝑖 = External arrival rate to the workstation (i) 
𝜆𝑖 = Total arrival rate to the workstation (i) 
µ𝑖 = Total departure rate to the workstation (i) 
𝑃𝑖,𝑗     = probability of individual displacement from the workstation (i) to (j) 
N  = Total workstation 
Make a mathematical model of a linear equation using Equations (8) and (9) of each 
workstation and based on outpatient patients' network queue in Figure 3. This linear 




Figure 3. Flowchart of Hospital Queue Network 
Queue network diagram schemes formed into linear Equations (8) and (9) illustrate the 
probability of patient movement.  
 
𝜆1 = 𝑎1 + 0𝑃1,2 + 0𝑃1,3 + 0𝑃2,3 + 0𝑃3,4 + 0𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 0𝑃4,𝑜𝑢𝑡  (10) 
𝜆2 = 𝜇1𝑃1,2 + 0𝑃1,3 + 0𝑃2,3 + 0𝑃3,4 + 0𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 0𝑃4,𝑜𝑢𝑡  (11) 
𝜆3 = 0𝑃1,2 + 𝜇1𝑃1,3 + 𝜇2𝑃2,3 + 0𝑃3,4 + 0𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 0𝑃4,𝑜𝑢𝑡  (12) 
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𝜆4 = 0𝑃1,2 + 0𝑃1,3 + 0𝑃2,3 + 𝜇3𝑃3,4 + 0𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 0𝑃4,𝑜𝑢𝑡  (13) 
𝜇1 = 𝜇1𝑃1,2 + 𝜇1𝑃1,3 + 0𝑃2,3 + 0𝑃3,4 + 0𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 0𝑃4,𝑜𝑢𝑡  (14) 
𝜇2 = 0𝑃1,2 + 0𝑃1,3 + 𝜇2𝑃2,3 + 0𝑃3,4 + 0𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 0𝑃4,𝑜𝑢𝑡  (15) 
𝜇3 = 0𝑃1,2 + 0𝑃1,3 + 0𝑃2,3 + 𝜇3𝑃3,4 + 𝜇3𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 0𝑃4,𝑜𝑢𝑡  (16) 
𝜇4 = 0𝑃1,2 + 0𝑃1,3 + 0𝑃2,3 + 0𝑃3,4 + 0𝑃3,𝑜𝑢𝑡 + 𝜇4𝑃4,1 + 𝜇4𝑃4,𝑜𝑢𝑡  (17) 
 
2) The second step is to determine the transition matrix Jackson. 
Workstations in the queueing network Jackson form a schematic diagram illustrating 
the possibility of individual displacement from one workstation to another 
workstation. Transition matrix Jackson is a matrix that shows the probability of 
displacement.  
The average arrival and departure rates are known based on the data that has been 
collected so that the value that needs to be sought is P, the probability of patient 
movement. The equation will be formed into the matrix multiplication λ = µP then to 
find the value of the matrix p, the matrix µ is converted and multiplied by the matrix 
(λ). 
 
3) Finally, a linear equation of the new departure rate is: 
 
𝜆𝑗 = ∑ 𝑃𝑖𝑗𝜇𝑖
𝑁
𝑖=1 , 1 ≤ i ≤ N     (18) 
 
Now that the probability of transfer from the workstation (i) to (j) is known, the next 
step is to form a mathematical model for the new departure rate. The total waiting time 
for patients in the queuing system must be faster than before the calculation. The new 
mathematical model uses the help of equations (10) to (13) and (18). 
By the new departure rate value, the performance of the queue system also changes. 
Hence, it is necessary to check the queue performance's size so that it can be compared 
with the performance of the queue system before implementing the Jackson queue 
network. 
 
3. Result and Discussion 
 The data in this study is the total of arrival and departure of patients at each observed 
workstation with calculation intervals every 5 minutes for 4 hours. In the queuing system, 
there is a situation called the busy period, where the number of patients has increased higher 
than the other times. The registration counter has a rush hour from 07.00-08.00, at the 
pharmacy point has a rush hour from 09.00-10.00, at the cardiology poly pre-consultation 
has a rush hour from 07.00-08.00, while at the doctor's consultation point has a rush hour 
08.00-09.00. Based on data analysis, the arrival and departure rate used for the next 
calculation step uses the arrival rate at rush hour. 
Table 1.  Arrival and Departure Rates Every Minute 
No Workstation Arrival Rate (λ) Departure Rate (µ) 
1 Registration 2.23056 0.91111 
2 Pre-consultation 0.70833 0.37500 
3 Consultation 0.57778 0.31390 
4 Pharmacy 2.30833 0.77500 
Source: processing primary data from observation 
3.1. Performance Analysis of The Initial Queue Model 
 The hospital queue network system's characteristics follow the Poisson distribution 
for arrival time during the exponential distribution for the distribution of service time. The 
applicable service discipline is that patients who come first are first served to apply the 
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FCFS (First Come First Served) discipline. In contrast, the capacity of the patient arrival 
source system is unlimited. Also, the servants who owned all workstations were more than 
1. The registration workstation had 4 counters; the pharmacy point had 3 employees, the 
pre-consultation point in cardiology poly had 2 nurses and had 2 doctors on duty for the 
consultation point. All workstations are steady-state.  
 Based on the queuing system's analysis and calculation of the performance size of the 
queuing model shown by the number of patients waiting in the queuing system and the 
average number of patients waiting in the queuing system, the results of performance for 
each workstation are listed in table 2. 
 
Table 2. Initial Queue Model Performance 
No Workstation Lq Ls Ws 
1 Registration 2.98811 5.43629 2.43718 
2 Pre-consultation 15.5968 17.4857  24.6857 
3 Consultation 10.19411 12.03482 20.82949 
4 Pharmacy 36.62870 139.60720 60.47965 
Total 108.432 
 
 Based on the calculation of the performance initial queuing model above, it can be 
concluded that the average time spent by a patient to conduct a health check at the 
cardiology polyclinic of the hospital is 108 minutes/patient.  
 
3.2. Application of the Jackson Queue Network 
a. Probability of movement between workstations 
 The first step of Jackson's calculation is to calculate the probability of movement using 
Equation (10) to Equation (17), which describes individuals' movement between 
workstations. To make it easier to find probability values, the linear equation is converted 
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The determinant of matrix µ is 0, so that the next step is to find the inverse value using 
the Moore-Penrose pseudoinverse [16].  
Based on the result of the calculation, the probability of the patient moving from 
registration (point 1) to pre-consultation (point 2) is 0.78, while if going to the consultation 
(point 3), the probability is 0.22. The probability value of pre-consultation to the 
consultation is 1. The probability of consultation to the pharmacy (point 4) is 0.99 while 
going straight out of the consultation is 0.01. The probability value is used to calculate the 
new µ departure rate. 
  
b. New Departure Rate 
 Implementing the Jackson queue network is to minimize patient waiting time at each 
workstation from the queueing network. To minimize patient waiting time is increasing the 
number of patients who leave the service. The arrival of individuals from outside or inside 
the system cannot be limited, but the number of individual leave from the queuing system 
can be increased so that the queues in the system can be reduced. The solution is by 
calculating the new µ departure rate from each workstation using a linear equation from 










































 Based on the new departure rate results, the value of the new departure rate (µ) from 
registration is 3.662 if rounded up to 4. For pre-consultation departure rate change to 2.835 
rounded up to 3 while for consultation workstation to 3.649 rounded up to 4 and for 
pharmacy departure rate rounded down to 7 employees. 
 The new departure rate value explains that for workstations to produce as many 
patients as the new departure rate, the number of employees per workstation must also be 
as much as the new departure rate. Therefore, it needs to add employees for the registration 
workstation are become 4 servers. Cardiology poly is recommended to have 3 nurses and 
4 doctors, while for pharmacy have 7 employees. 
 
3.3. Simulation and Discussion 
The results of implementing the Jackson queue network is recommended to add 
servers or employees. The registration workstation is recommended to have 4 servers. 
Cardiology poly is recommended to have 3 nurses and 4 doctors, while for pharmacy have 
7 employees. Base on these recommendations, the performance of the new model queue is 
shown in table 3. 




Lq Ls Ws 
1 Registration 4 1.68829 4.73417 2.32241 
2 Pre-consultation 3 0.90705 2.91496 4.21524 
3 Consultation 4 0.22489 2.33356 4.13885 
4 Pharmacy 7 0.26650 2.10115 0.98025 
Total 11.65675 
Source: Author’s Calculation 
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 The queuing system's performance after implementing an open Jackson queue 




Figure 4. Simulation Results 
 
By adding the number of employees based on the Jackson queue network's 
recommendation, it was obtained that the total length of waiting time was approximately 
12 minutes. So, it can reduce waiting times in the queueing system that was initially 108 
minutes/patient. 
In this case study, a queueing model was produced that could reduce waiting times. 
Still, it was not easy for hospitals to be able to implement the recommendations given by 
researchers. Because of the addition of human resources will undoubtedly incur costs as 
well. For the next research, it should not only optimize through the queue model but also 
conduct a study related to the costs incurred as a result of the recommendation of the model 
compared to the economic benefits obtained (cost and benefit ratio analysis). So that the 
optimization will be more effectives and its recommendations can be applied.  
 
4. Conclusions 
Implementing an open Jackson queue network was recommended to add employees 
to each workstation. The registration workstation must have four servers, a poly 
cardiology workstation had three nurses, and four doctors, while for pharmacy, had seven 
employees. By adding the number of employees following the recommendations, the 
patient's total time in the queuing system is approximately 12 minutes per patient if this 
recommendation is implemented in the Sidoarjo Hospital. So, it can reduce waiting times 
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